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Abstract
We report on experimentally measured light shifts of superconducting flux qubits deep-strongly
coupled to LC oscillators, where the coupling constants are comparable to the qubit and oscillator
resonance frequencies. By using two-tone spectroscopy, the energies of the six lowest levels of each
circuit are determined. We find huge Lamb shifts that exceed 90% of the bare qubit frequencies
and inversions of the qubits’ ground and excited states when there are a finite number of photons

in the oscillator. Our experimental results agree with theoretical predictions based on the quantum

Rabi model.
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According to quantum theory, the vacuum electromagnetic field has “half-photon” fluc-
tuations, which cause several physical phenomena such as the Lamb shift [1]. A cavity can
enhance the interaction between the atom and the electromagnetic field inside the cavity and
enables more precise measurements of the influence of the vacuum. Cavity /circuit-quantum-
electrodynamics systems are usually well described by the Jaynes-Cummings Hamiltonian |2,
3]. In the strong-coupling regime, when the cavity’s resonance frequency w is on resonance
with the atom’s transition frequency A, the vacuum Rabi splitting [4-6] and oscillations [7, §]
have been observed. In the off-resonance case, the Lamb shift [9-11] caused by the vacuum
fluctuations and the ac-Stark shift proportional to the photon number in the cavity were
observed [10-13]. In the so-called ultrastrong-coupling regime [14, 15|, where the coupling
constant g becomes around 10% of A and w, and the deep-strong-coupling regime [16, 17,
where ¢ is comparable to or larger than A and w, the rotating-wave approximation used
in the Jaynes-Cummings Hamiltonian breaks down, and the system should be described by
the quantum Rabi Hamiltonian [18-20]. In these regimes, the light shifts of an atom could
nonmonotonically change as g increases, and the amount of the shift is not proportional to
the photon number in the cavity [21, 22].

In this work, to study the light shift in the case of g ~ w, we investigated qubit-oscillator
circuits that each comprise a superconducting flux qubit [23] and an LC oscillator inductively
coupled to each other by sharing a loop of Josephson junctions that serves as a coupler
[Figs. 1(a) and 1(c)]. By using two-tone spectroscopy [24, 25|, the energies of the six lowest
energy eigenstates were measured, and the photon-number-dependent qubit frequencies were
evaluated. We find Lamb shifts over 90% of the bare qubit frequency and inversions of the
qubit’s ground and excited states when there are a finite number of photons in the oscillator.

The qubit-oscillator circuit is described by the Hamiltonian
7 Mg 4 ata 5 (a4 af
H:—i(Aam—%aaz)—l—hwa a+ hgo. (a+a'). (1)

The first two terms represent the energy of the flux qubit written in the basis of two states
with persistent currents flowing in opposite directions around the qubit loop, |©) o, and |O) "
The operators ¢, , are the standard Pauli operators. The parameters hA and he are the
tunnel splitting and the energy bias between |0), and |0) , where hie can be controlled by
the flux bias through the qubit loop ®,. The third term represents the energy of the LC
oscillator, where w = 1/1/(Lo + L.)C [see Fig. 1(a)] is the resonance frequency, and a' and
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FIG. 1. (a) Circuit diagram. A superconducting flux qubit (red and black) and a superconducting
LC oscillator (blue and black) are inductively coupled to each other by sharing an inductance
(black). (b), (c) Scanning microscope images of the qubit and the shared inductance located at
the orange rectangle in diagram (a). Josephson junctions are represented by magenta rectangles.
The shared inductance is a superconducting lead (b) or a loop of Josephson junctions (c). (d) The
diagram of the six lowest energy levels of a qubit-oscillator circuit. The energy eigenstates are
expressed as |in) (i =g, eand n =0, 1, 2, ---), which indicates that the qubit is in “g” the ground
or “e” the excited state and the number of real photons in the oscillator is n. The arrows indicate
transition frequencies between energy eigenstates and also mean that the transitions are allowed.

Here, A,, (n =0, 1, 2) is the photon-number-dependent qubit frequency.

a are the creation and annihilation operators, respectively. The fourth term represents the
coupling energy.

At € = 0, the Hamiltonian in Eq. (1) reduces to that of the quantum Rabi model I:[Rabi.
In the limit A < w, the energy eigenstates are well described by Schrodinger-cat-like entan-
gled states between persistent-current states of the qubit and displaced Fock states of the
oscillator D(%a)|n), [21, 22]:

) |0)y ® D(=£)n)o + |0), ® ﬁ(%)ln%’
V2

|0), ® D(=2)|n)y — |0), ® D(£)|n),
- .

Here, ﬁ(a) = exp(aa’ — a*a) is the displacement operator, and « is the amount of the

(2)

len) ~

displacement. The energy eigenstates on the left-hand side are expressed as |in) (i = g, e),
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where “g” and “e” denote, respectively, the ground and excited states of the qubit and n the
number of real photons in the oscillator. On the right-hand side, |n), denotes the oscillator’s
n-photon Fock state. Note that the displaced vacuum state ﬁ(a)|0>o is the coherent state
@)o = exp(—[af2/2) X252 "o/ Vi

The photon-number-dependent qubit frequency A, (g/w) = Wep, — Wyy is defined as the
energy difference between the energy eigenstates |gn) and |en), and it can be expressed as

(see the solid lines in Fig. 4):

An(g/w) = (en| Hravilen) — (gn| Hravilgn)
~ Aly(n|DT(—g/w)D(g/w)|n),)
= Aexp(—2¢*/w?) Ly (4g% J0®). (3)

Here, L, is a Laguerre polynomial: Lo(z) = 1, Li(z) = 1 — z, Ly(z) = (2? — 4z + 2)/2,
and so on. The difference between A, and the bare qubit frequency A can be considered
as the n-photon ac-Stark shift |A,, — A|. In particular, |Ag — A| is referred to as the Lamb
shift. Note that the Bloch-Siegert shift [26, 27], the contribution from the counterrotating
terms, is included in the n-photon ac-Stark shifts. Since Ly = 1, a considerable Lamb shift is
expected when g becomes comparable to w. A similar suppression of transition frequencies
because of coupling to other degrees of freedom is well known in polaron physics and other
fields. For example, such an effect was recently discussed for an Andreev-level qubit [28].
Considering that L, has n zeros, i.e., points where L,(z) is equal to zero, A, (z) also has
n zeros, and, hence, in general alternates between positive and negative values. In other
words, the qubit’s ground and excited states exchange their roles every time when A, = 0.
The bare qubit frequency A is the tunnel energy between the states |O)  and |0),. Taking
either one of these two states and a finite value of g, the oscillator is populated by virtual
photons even in the ground state, and the virtual photon states for the qubit states |O) o, and
|©0),, are different from each other. As a result, the qubit has to “drag” the oscillator every
time it flips its state [21], which can be seen as an effective reduction of A by a factor that is
determined by the overlap integral between the interaction-caused displaced n-photon Fock
states of the oscillator [29] as described by the second line of Eq. (3). One way to understand
negative values of A,, is to think of them as describing a situation where the antibonding
state of [0), and |O), is more stable than the bonding state. Note that here the displaced
states D(=£¢/w)|0), contain only virtual photons, while the states D(£g/w)|n), for n > 1
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contain a mixture of real and virtual photons.

Although Egs. (2) and (3) are not exact for general values of the circuit parameters, they
remain reasonably good approximations as long as A < w. Furthermore, the symmetry of
HRabi is independent of the circuit parameters, which means that certain transitions will
remain forbidden even if the corresponding states do not have simple forms. These two
considerations allow us to easily identify the energies of the different eigenstates from the
experimental spectra [29].

To determine the parameters of the qubit-oscillator circuits (A, w, and g), spectroscopy
was performed by measuring the transmission spectrum through the transmission line that
is inductively coupled to the LC oscillator [Fig. 1(a)]. In total, nine sets of parameters (A-I
in Table I) in five circuits were evaluated. The shared inductance of the circuit for set A
is a superconducting lead [Fig. 1(b)], while that of the circuits for sets B-I is a loop of
Josephson junctions [Fig. 1(c)], where eight flux bias points in four circuits were used [29].
Therefore, much larger g is expected for sets B-I. When the frequency of the probe signal
wp matches the frequency wy, of a transition |k) — |I), where |0) stands for the ground state
and |k) with & > 1 stands for the kth excited state of the coupled circuit, the transmission
amplitude decreases, provided that the transition matrix element (k|(a + a')|l) is not 0.
Note that because ¢ is now generally nonzero, we have labeled the energy eigenstates using
a single integer k instead of the label |in) used above. Figure 2 shows the amplitudes of the

transmission spectra |S5(e, w, ) /S52(w,)| for sets A and H. Here, w, is the probe frequency,

and S5°(g, w,) and Sy2(w,) are, respectively, the measured and background transmission
coefficients [29].

The circuit parameters are obtained from fitting the experimentally measured resonance
frequencies to those numerically calculated by diagonalizing H with A, w and g treated as
fitting parameters. In Fig. 2, the right panels show the calculated transition frequencies su-
perimposed on the measured spectra. In Fig. 2(a), one can see the characteristic spectrum of
the strong- and ultrastrong-coupling regimes. From the fitting, the parameters are obtained
as A/2m = 1.246 GHz, w/2m = 6.365 GHz, and g/2m = 0.42 GHz. The spectrum shown in
Fig. 2(b) looks qualitatively different from that in Fig. 2(a) as discussed in Ref. [17]. The
parameters are obtained as A/27 = 1.68 GHz, w/27m = 6.345 GHz, and ¢g/27 = 7.27 GHz.
Here, g is larger than both A and w, indicating that the circuit is in the deep-strong-coupling

regime [g 2 max(w,vVAw/2)] [21, 30, 31]. The parameters from all the sets are summarized
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FIG. 2. Measured transmission spectra for two qubit-oscillator circuits as functions of the qubit’s
energy bias € and probe frequency wp. The color scheme is chosen such that the lowest point
in each spectrum is red and the highest point is blue. The right panels show the transition
frequencies calculated from the Hamiltonian to fit experimental data. The black, gray, orange,
pink, and red lines correspond to the transitions [0) — [1), [0) — [2), |0) — |3), |1) — [2), and
|1) — |3), respectively. The parameters are obtained as (a) A/27m = 1.246 GHz, w/27 = 6.365 GHz,
and g/2m = 0.42 GHz corresponding to set A; (b) A/2r = 1.68 GHz, w/27 = 6.345 GHz, and

g/2m = 7.27 GHz corresponding to set H.

in Table I.

To obtain the photon-number-dependent qubit frequency A, (n =0, 1, 2), at least five
transition frequencies out of seven allowed transitions [Fig. 1(d)] are necessary. However, in
each spectrum at € = 0, we see only two signals at frequencies wgp g1 and wep ¢1 corresponding,
respectively, to the transitions |g0) — |gl) and |e0) — |el), which were also observed in
our previous experiments [16, 17]. There are two main reasons behind this limitation on
single-tone spectroscopy, where only a single-frequency weak probe signal is applied to the
circuit. First, only transition frequencies in the range of the measurement setup (in our case
4 to 8 GHz) can be measured. Second, the signal from transitions that do not start from
the lowest two energy levels will be weak because of the small thermal population of higher
energy levels (in our case, the thermal population decreases by 2 orders of magnitude for

each step up in the value of n).

To access transitions other than |g0) — |gl) and |e0) — |el), two-tone spectroscopy

6



A w9 Lo A1 &2
2 2w 27w 2 2 2

A 1.246 6.365 0.42 1.236  1.215

(1.235) (1.213)
B 1.01 6.296 5.41 0.233 —0.452 —0.13
(0.229) (—0.448) (—0.123)
C 0.92 6.288 559 0.193 —0.412 —0.062
(0.189) (—0.410) (—0.059)
D 3.93 5282528 054 —1.512  0.56
(0.539) (—1.503) (0.624)
E 4.88 5.230 5.37 0.607 —1.746  0.906
(0.607) (—1.741) (1.018)
F 471 5220 546 0.538 —1.642 1.005
(0.542) (—1.641) (1.087)
G 3.53 5.263 5.58 0.375 —1.255 0.8
(0.379) (—1.244) (0.834)
H 1.68 6.345 7.27 0.127 —0.518 0.5
(0.122) (—0.514) (0.523)
I 1.61 6.3357.48 0.099 —0.458  0.493
(0.099) (—0.451) (0.532)

TABLE 1. Parameters of qubit-oscillator circuits in GHz. A, w, and g are obtained from the
(single-tone) transmission spectra. The numbers for A,, (n = 0, 1, 2) in the upper line for each
data set are obtained from two-tone transmission spectra, while those in the lower line (i.e. those

between parentheses) are numerically calculated values using ﬁRabi and the parameters A, w, and

g.

was used, where a drive signal with frequency wq is applied while the transmission of a
probe signal with frequency w, around the frequency wgp g1 Or Weper is measured. When
wq is equal to the frequency of an allowed transition involving at least one of the states
|g0), |g1), |e0), and |el), an Autler-Townes splitting [32] takes place and is observed in the

probe transmission signal. Figure 3 shows the measured two-tone transmission spectra from
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FIG. 3. (Left) Measured two-tone transmission spectra as functions of drive frequency wq and probe
frequency wp. The color scheme is chosen such that the lowest point in each spectrum is red and
the highest point is blue. The white dotted lines are calculated transition frequencies considering
dressed states due to the drive signals. The right panels show the energy-level diagrams. The thin
green arrows indicate transitions scanned by the probe signal, while thick magenta arrows indicate

transitions scanned by the drive signal.

set H. An avoided crossing between a horizontal line and a diagonal line [29] is observed
in each panel. Interestingly, the slope of the diagonal line is dw,/0wq = —1 for Figs. 3(a)
and 3(b), and +1 for Fig. 3(c), which indicates that the absorption of one probe photon is
accompanied by the absorption of one photon from the drive field in Figs. 3(a) and 3(b)
and the emission of one photon to the drive field in Fig. 3(c). Together with the frequencies
numerically calculated from ﬁRabi, the corresponding transitions are identified as shown in
the right-hand side of each spectrum. The spectrum in Fig. 3(c) demonstrates that the
energy of |gl) is higher than that of |el), and, hence, A; is negative. In other words, the

qubit’s energy levels are inverted.

Moreover, from these three two-tone transmission spectra, five transition frequencies,
We0,g1, We0,g2, Web,el, Wen,e2, ANd Wep e1, can be evaluated. In Fig. 3(a), the horizontal line cor-
responds to a one-photon resonance, wy, = wyp 1, Whereas the diagonal line corresponds to a
two-photon resonance, w, = wyp g2 —wq. For Fig. 3(b) the horizontal line is at w, = w1 and

the diagonal line is at w, = wepe2 —wa. For Fig. 3(c), the horizontal line is at w;, = wgp g1 and
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FIG. 4. Photon-number-dependent normalized qubit frequencies A,,/A as functions of g/w. The
parameters A, w, and g are obtained from the single-tone transmission spectra. The black, red,
and blue solid circles are, respectively, the qubit frequencies Ag, A1, and Ay obtained from the

two-tone transmission spectra. The solid lines are A,, obtained from Eq. (3).

the diagonal line is at w, = wype1 +wq. From these five transition frequencies, all the eigenen-
ergies up to the fifth excited state can be determined up to an overall energy shift. One thing
is worth emphasizing here. In the two-tone spectroscopy of a deep-strongly-coupled qubit-
oscillator circuit, the states of the qubit are doubly dressed: one is the conventional dressing
by the classical drive field, while the other is in the quantum regime due to deep-strong cou-
pling to the oscillator, where the oscillator’s states are displaced. The experimental results

demonstrate that the two kinds of dressed states coexist.

From Eq. (3), the normalized photon-number-dependent qubit frequencies A, /A are
expected to depend solely on the normalized coupling constant g/w. We, therefore, plot
A, /A as functions of g/w for all nine parameter sets together (Fig. 4). The parameters A,
w, and ¢ are obtained from the transmission spectra. These results demonstrate huge Lamb
shifts |[Ag — A, some of them exceeding 90% of the bare qubit frequencies A. These results
also demonstrate that one-photon and two-photon ac-Stark shifts are so large that A; and
Ay change their signs depending on g/w. The solid lines are theoretically predicted values
given by Eq. (3). Table I shows a comparison between the measured and the numerically
calculated A,, [29] using fIRabi and the parameters A, w, and g. In many circuits, the
measured Ay is smaller than the numerically calculated one, while the agreement of A, and
Ay is good, with the deviations being at most 10 MHz. Since A, given by Eq. (3) is an

approximation that becomes exact in the limit A/w — 0 while the numerically calculated
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Ay is based on the exact FIRabi for any set of parameters, the agreement of A, in Fig. 4
is a coincidence. In this way, our results can be used to check how well the flux qubit-L.C
oscillator circuits realize a system that is described by the quantum Rabi model Hamiltonian,
which is the basis for several important applications, e.g., ultrafast gates [33] and quantum
switches [34]. A possible source of the deviation in A, is higher energy levels of the flux
qubit. As discussed in Ref. [17], the second or higher excited states can shift the energy
levels of the qubit-oscillator circuit, even though there is an energy difference of at least
20 GHz between the first and the second excited states. Consideration of higher energy
levels is necessary to identify the origin of the deviation in As.

In conclusion, we have used two-tone spectroscopy to study deep-strongly-coupled flux
qubit-LC oscillator circuits. We have determined the energies of the six lowest energy
eigenstates of each circuit and evaluated the photon-number-dependent qubit energy shifts.
We have found Lamb shifts that exceed 90% of the bare qubit frequency and inversions of the
qubit’s ground and excited states caused by the one-photon and two-photon ac-Stark shifts.
The results agree with the quantum Rabi model, giving further support to the validity of

the quantum Rabi model in describing these circuits in the deep-strong-coupling regime.
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SUPPLEMENTAL MATERIAL
S1. OVERLAP BETWEEN THE DISPLACED FOCK STATES

In this section, we study the overlap between the two oppositely displaced Fock states,

D(g/w)|n)o and D(—g/w)|n)e, where D is the displacement operator, g is the coupling
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constant, w is the resonance frequency of the oscillator, and |n), is the n-photon Fock
state of the oscillator. The wave function of D(g/w)|n), in the coordinate basis is given
by ¢n(x,g/w) = o(x|D(g/w)|n)o, where |), is an eigenstate of the coordinate operator
2 = (a+a')/2, and @ and a' are the annihilation and creation operators. Besides the

normalization factor, it is given by

Oul@, 9/w) = exp{~[z — (¢/w)]} Ha(V2[z — (g/w))]), (S1)

where H, is the Hermite polynomial; Hy(x) = 1, Hi(z) = 2z, Hy(x) = 42* — 2, and so
on. Note that ¢,(x,g/w) is real. The overlap integral, which appears in the second line of

Eq. (3) in the main text, can be calculated as

1(9/) = o{nl D (~g/w) D(g/w) n) (52)
- / bul, —g/w)bu (e, 9/ w) e (53)

To be concrete, in the following, we consider the case of n = 2 as an example. Figures S1(a)—
(e) show wave functions of the displaced two-photon Fock states ¢o(z, £g/w) and their
product ¢o(z, —g/w)da(z, g/w) for five different values of g/w. The values of g/w are chosen
so that Ir(g/w) is either maximal [(a) and (e)], minimal (c¢), or zero [(b) and (d)] [see
Fig. S1(f)]. When the positions of peaks or dips of ¢o(z, £g/w) coincide, the product
¢o(x, —g/w)pe(x, g/w) is mostly positive, and hence I5(g/w) becomes maximal [Figs. S1(a)
and (e)]. On the other hand, when the peak positions of a wave function coincide with the
dip positions of the other, the product ¢o(x, —g/w)pa(x, g/w) is mostly negative, and hence
I5(g/w) becomes minimal [Fig. S1(c)].

S2. SYMMETRY OF QUANTUM RABI MODEL AND STATE ASSIGNMENT
FROM THE SPECTRA

The parity operator of the qubit-oscillator system is defined as P = ﬁq QP = (5,2(—1)5“&7
where, Pq =6, and P, = (—l)fmZ are respectively the parity operators of the qubit and
the oscillator. The parities of states and operators are defined as follows; The parity of a
state |¢) is even (odd) when P|@) = |¢) (—|¢)). The parity of an operator A is even when
[A,P] = AP — PA =0, and is odd when {A, P} = AP 4+ PA = 0. The parity symmetry in
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FIG. S1. (a)-(e) Wave functions of the oppositely displaced two-photon Fock state ¢o(x, —g/w)
(red) and ¢2(x,g/w) (blue) and their product ¢a(z, —g/w)d2(z,g/w) (black) for various values
of g/w: (a) 0, (b) 0.386, (c) 0.622, (d) 0.924, and (e) 1.27. (f) Normalized overlap integral

I5(g/w)/12(0). Solid blue circles indicate the values of g/w for panels (a)—(e).

the states and operators that appear in the quantum Rabi Hamiltonian,

~ hA
HRabi = _76,2 =+ thTd + hga-x (& + dT) ) (S4)

is summarized in Table SI. Here, A is the qubit’s transition frequency. Because both &,
and (a + a') have negative parities, their product has a positive parity, meaning that all
three terms in Hgay; have positive parities. Therefore, [ﬁRabi, ]3] = 0, and hence, the energy
eigenstates are also eigenstates of f’, and have well-defined parities. Note that this property
does not depend on the values of A, w, and g.

Although the energy eigenstates and their eigenenegies of Hpay cannot be described
analytically for arbitrary values of A, w, and ¢, the symmetry allows to define energy
eigenstates and their eigenenegies of Hgani as lin) and wy,, where i (= g, e) indicates that the
qubit is in “g” the ground or “e” the excited state and n is the number of real photons in the
oscillator. Since the parity of (a+a') is odd, the transition matrix elements (im|(a+a')|jn)
may have non-zero values when the parities of the energy eigenstates |im) and |jn) are
opposite, whereas they always vanish when the parities are same.

From the transition frequencies alone, the energy eigenstates and the eigenenergies cannot
be determined uniquely. However, by using the parity symmetry discussed above, energy

eigenstates and eigenenergies are recursively determined as long as A < w in the following
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parity even odd
[0)g +10) [0)g —10)
ubit state =—3 3 |o)y= ——1
q |g>q \/é ’ >q ﬁ
photon state |even number),, lodd number),
qubit operator 0, Oz
photon operator ata a+al

TABLE SI. The parity symmetry in the states and operators that appears in I:IRabi.

way. (i) The ground and the first excited states of a coupled circuit are respectively |g0) and
|e0), since there is no energy-level crossing between them. The corresponding eigenenergies
are respectively wyo and weg. (ii) Between the (2n+2)th and (2n+3)th excited states (n > 0),
the state having nonzero transition matrix element with the state |gn) is |gn + 1) and the
other is |en + 1). The corresponding eigenenergies are respectively wg,4+1 and wep+1. In this
way, photon-number-dependent qubit frequency A,, = Wey, — Wy, can be uniquely determined

for all the parameter sets in this work.

S3. COUPLER INDUCTANCE AND FLUX BIAS POINTS

The coupler inductance for sets B-1 is a dc superconducting quantum interference device
(SQUID) consisting of two parallel Josephson junctions as shown in Fig. 1(c) in the main

text. Its Josephson inductance is given as

Ly = 0
J 3 5
21/ (21, cos |Tnge|)? — I

(S5)

where [, is the critical current of each Josephson junction, ng. is the normalized flux bias
through the loop in units of the superconducting flux quantum ®, = h/(2¢), and I}, is the
current flowing through the SQUID. An external superconducting magnet produces a uni-
form magnetic field, and flux biases are applied to the qubit and the coupler proportionally
to the areas of their loops. The area ratio of the loops 7. = Acoupler/Aqubit 1S approximately
0.05. The flux bias through the coupler loop ng. = r.ns depends on the normalized flux
bias of the qubit ng, which in most cases is around the symmetry point of the qubit, i.e.

ne = £0.5,£1.5, and so on.
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S4. BACKGROUND TRANSMISSION COEFFICIENT

The amplitudes of the measured transmission spectra |S3°*(e,w,)| are fitted by the

following formula:

1551 (e, wp) | = |55 (wp) Saa (£, wyp) (S6)
where
i¢
o )€
So1(e,wp) =1 — (QP/ Qw>_w o (S7)
1 + 2ZQL—pr(2)
bg

and we assumed that a background transmission coefficient S,y (w,) is independent of energy
bias € and is written by a polynomial of the probe photon frequency w,. Eq. (S7) can
be applied to a transmission line that is inductively and capacitively coupled to an LC
oscillator [35], where @y, is the total quality factor of the oscillator, Q. is the external
quality factor due to the coupling to the transmission line, and ¢ is a phase factor that
accounts for the asymmetry of the resonance line shape. Note that Sy (¢, wp)| may become

larger than 1 depending on the value of ¢.

S5. AVOIDED CROSSINGS IN TWO-TONE SPECTROSCOPY

In this section, we discuss the physical origin of the avoided crossings observed in Fig. 3
of the main text. The Hamiltonian of a three-level system under the application of a drive

field with frequency wq can be described by

/ ~ ~ A~
Hwb<wc = h’(waaaa + WpHObb + CUCO'CC)

FhwghTh + b [Xab(&abiﬁ F ) + Xbe(Gnebt + &Cbi))] , (8)

where G;; = |i)(j|, b and b' are respectively the annihilation and creation operators of the
oscillator representing the drive field, and x;; describes the interaction strength between the
drive field mode and the transition dipole moment. Here we assume that w, < w, < we
and the transition |a) — |c) is forbidden. This situation applies to the energy eigenstates
involved in the avoided crossings observed in Figs. 3(a) and (b) in the main text. Namely,
la) = [g0), |b) = |gl), and |c) = |g2) for Fig. 3(a), and |a) = |e0), |b) = |el), and |c) = |e2)
for Fig. 3(b). The energy-level diagram of the coupled system (three-level system and drive
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field) is described in Fig. S2(a). Here, the states |i, k) (i = a, b, ¢, and k is the number

!/

of drive photons) are energy eigenstates of H/, _

when the off-diagonal terms are ignored.
The corresponding energies are given as w; + kwq. Under the application of the probe
field, transitions occur between the energy eigenstates of H/, ., . The |a,N) — |b, N)
and |a, N) — |c, N — 1) transition frequencies shown in Fig. S2(a) are given by w,, and
Waec — W (Wij = wj — w;), which are the horizontal and diagonal dotted lines in Fig. S2(b).
Note that the transition |a, N} — |¢, N — 1) accompanies the absorption of one photon
from the drive field and hence the transition frequency decreases linearly with wq with slope
—1. Note also that because the transitions |a, N) — |c, N — 1) is forbidden when the drive
field is off, the diagonal line does not appear in the spectrum. The off diagonal terms of
N

wy<w. Tenormalize the energy eigenstates, which are qubit-oscillator-drive doubly dressed

states, and induces the avoided crossings. In particular, for wq =~ wy., we observe that

|b, N) and |c, N — 1) are nearly degenerate whereas the other states are largely separated

/
wp <We

wa + Nwq and [wy, + we + 2N — Dwal/2 £ /(Whe — wa)2/4 + 2., where Q;; = xi; VN
and N is the number of photons in the drive field. The transition frequencies are then

(Wab + Wae —waq)/2 + \/(wbc — wq)?/4 + Q2 _, which are the solid lines in Fig. S2(b).

from each other. Then, the relevant eigenenergies of H are approximately given by

When w, < we < wp, and ya = 0, the Hamiltonian is given by

/ ~ A ~
ch<wb = h(waaaa + Wpony + wco-cc)

b + B [Xab(&abiﬁ + Gbab) + Xbe(Gapb! + &bcz})] . (S9)

This situation applies to the energy eigenstates involved in the avoided crossing observed in
Fig. 3(c) in the main text. Namely, |a) = |g0), |b) = |gl), and |c) = |el). The energy-level
diagram is described in Fig. S2(c). The |a, N) — |b, N) and |a, N) — |c, N + 1) transition
frequencies shown in Fig. S2(c) are given by w,, and w,. + wg, which are the horizontal
and diagonal dotted lines in Fig. S2(d). Note that the transition |a, N) — |c, N + 1)
accompanies the emission of one photon to the drive field and hence the transition frequency
increases linearly with wq with slope +1. For wq =~ w.p, we observe that |b, N) and |c, N +

1) are nearly degenerate whereas the other states are largely separated from each other.

/
we<wp

The eigenenergies of H are approximately given by w, + Nwg and [wy, + we + (2N +

Dwa]/2 £ \/(we — wa)?/4 + Q2. The transition frequencies are then (wap + Wae + wa)/2 £
V (web — wa)?/4 + Q2 _, which are the solid lines in Fig. S2(d).
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FIG. S2. (a) (c) The energy-level diagram when (a) w, < wp < we and (¢) w, < we < wp. Here, the

[a,N)

states |i,k) (i = a, b, ¢, and k is the number of drive photons) are energy eigenstates of H;, _,

and H’

we<w, When the off-diagonal terms are ignored. We have kept only the states with drive

photon numbers N — 1 and N in (a) and N and N + 1 in (c¢). The gray arrows indicate allowed
transitions in the three-level system. The magenta arrow indicates the drive frequency wq. The
dotted and solid green arrows indicate the transitions with the transition frequencies around wyp,
when Q. = 0 and Q. # 0, respectively. (b) (d) Transition frequencies as functions of wq when (b)
Wy < wp < we and (d) w, < we < wp. The dotted and solid green lines correspond to the transition

frequencies when Qp. = 0 and Q. # 0, respectively.
S6. NUMERICALLY CALCULATED A,

In Fig. S3, normalized photon-number-dependent qubit frequencies A,, /A obtained from
the two-tone spectroscopies are plotted in open stars for set E, which has largest value of

A/w = 0.933. The solid lines are theoretically predicted values in the limit A < w:
A, (g/w) ~ Aexp(—2¢*/w?®) L, (4¢% /w?), (S10)

which is also given in the main text. The dotted lines are numerically calculated values from

Hpapi and the parameter A Jw = 0.933. Here, the eigenenergies and the energy eigenstates
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FIG. S3. Photon-number-dependent normalized qubit frequencies A, /A as functions of g/w. The
parameters A, w, and g are obtained from the transmission spectra. The black, red, and blue solid
lines are respectively Ag, A1, and Ay obtained from Eq. (S10). The dotted lines are numerically
calculated A, from Hgap; for A Jw = 0.933 corresponding to set E. The open stars are the qubit

frequencies obtained from two-tone spectroscopies for set E.

are calculated by diagonalizing F[Rabi, where up to the 40-photon Fock states, which gives
enough accuracy, are taken into account. Some of our calculations were performed using the
QuTiP simulation package [36]. Once we have the eigenenergies and the energy eigenstates,
A, /A can be obtained as discussed in Section S2. Note that the numerically calculated
values approach the solid lines given by Eq. (S10) as the parameter A/w approaches zero.
Although there are clear deviations in smaller values of g/w, the qualitative behaviors of
solid and dotted lines are similar. Unexpectedly, the blue open star (measured A,) is close
to the solid line rather than the dotted line, although the latter is expected to give more
accurate prediction of the circuit described by ]:[Rabi. The numerically calculated Ay in the
range 0.8 < g/w < 1.1 is larger than A, given by Eq. (S10) and hence the agreement of the

blue open star and the solid line is a coincidence.
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