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In one-dimensional optical setups, light-matter interaction is drastically enhanced by the interference
between the incident and scattered fields. Particularly, in the impedance-matched A-type three-level
systems, a single photon deterministically induces the Raman transition and switches the electronic state
of the system. Here, we show that such a A system can be implemented by using dressed states of a driven
superconducting qubit and a resonator. The input microwave photons are perfectly absorbed and are
down-converted into other frequency modes in the same waveguide. The proposed setup is applicable to
the detection of single microwave photons and the swapping of the photon and matter qubits.
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In one-dimensional optical setups, radiation from a
quantum emitter is guided completely to specified one-
dimensional propagating modes. We can realize such set-
ups in a variety of physical systems, such as optical cavity
quantum electrodynamics (QED) systems using atoms or
quantum dots [1-3] and circuit QED systems using super-
conducting qubits [4-6]. When we apply a field to excite
the emitter through the one-dimensional mode in these
setups, the incident field inevitably interferes with the field
scattered by the emitter due to the low dimensionality [7].
As a result, we can realize unique optical phenomena that
are not achievable in three-dimensional free space. A
classical example is the complete transmission of a reso-
nant field through a two-sided cavity, in which reflection
from the cavity is forbidden due to the destructive inter-
ference between the incident field and the cavity emission
in the reflection direction. Such one-dimensional optical
setups in which reflection from the emitter is forbidden are
called impedance matched, in analogy with properly ter-
minated electric circuits [8,9]. Recently, perfect reflection
of the incident field by a single emitter has been confirmed
in both optical cavity QED and circuit QED systems [2,4].
Here, transmission is forbidden by the destructive interfer-
ence occurring in the transmission direction.

In this study, we investigate a three-level A system
interacting with a semi-infinite one-dimensional field in a
reflection geometry (Fig. 1). We denote the three levels of
the A system by |g), |m), and |e) from the lowest. We
assume that |m) decays to |g) with a finite lifetime and
therefore that the system is in |g) when stationary. When a
single photon resonant to the |g) — |e) transition is input,
there are three possible processes: (a) simple reflection
without exciting the system, (b) elastic scattering, induc-
ing the |g) — |e) — |g) transitions, and (c) inelastic scat-
tering, inducing the |g) — |e) — |m) — |g) transitions.
Destructive interference occurs here between processes
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(a) and (b). In particular, they cancel each other completely
when the two decay rates from the top level |e) are iden-
tical (I',; = T',,,) and the coherence length of the input
photon is sufficiently long. As a result, the input photon is
down-converted deterministically, inducing the Raman
transition in the system [Fig. 1(c)] [10]. This is the imped-
ance matching in the A system. The charm of such
impedance-matched systems is the deterministic electronic
dynamics induced by single photons, which enables novel
quantum technologies. Based on such A systems, single-
photon transistors, quantum memories, and optical quan-
tum gates have been theoretically proposed [11-16].

In superconducting qubits, we use several discrete levels
formed at the bottom of the anharmonic potential as an
artificial atom. We usually make the potential symmetric in
order to suppress dephasing. Then, each eigenstate has a
definite parity and the qubit functions as a ladder-type
multilevel system. We can also make the potential asym-
metric, for example, by introducing flux bias in flux qubits.
The lowest three levels then function as a A system, which
has been used to demonstrate, for example, lasing and
cooling of qubits [17-19]. However, it is difficult to satisfy
the impedance-matching condition, i.e., identical decay
rates from the second excited state, in the A systems thus
created.
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FIG. 1 (color online). Interaction between a A system and a
photon propagating in a semi-infinite one-dimensional wave-
guide: (a) simple reflection, (b) elastic scattering, and
(c) inelastic scattering. I';; (i, j = e, m, g) denotes the radiative
decay rate for the |i) — |j) transition.
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In this study, we propose a practical scheme for imple-
menting an impedance-matched A system by using dressed
states of a qubit and a resonator. The schematic of the
considered setup is shown in Fig. 2. A superconducting
qubit is coupled to a resonator, which is further coupled to
a semi-infinite waveguide (waveguide 1). Through another
waveguide (waveguide 2), a drive field E(¢) is applied to the
qubit. The qubit functions as a two-level system (|0) and
[1)). Setting # = v = 1, where v is the microwave velocity
in the waveguides, the Hamiltonian of the system is

_7'[(1‘) = g{sys(t) + Hdamp’ (1)

j{sys(t) = Wy
+ MHE®) ot + EX(Da], )

oto+ w,ata + glota + ato)

Hmp = [ kK]0, + ViTZm(at by + )]
+ /dk[kc}:ck + \,7/277(0'%,( + c;r o)l 3

The meanings of the operators are as follows: o (a) is the
annihilation operator of the qubit (resonator), and by (cy) is
the photon annihilation operator in waveguide 1 (2) with
wave number k. The meanings of the parameters are as
follows: w, (w,) is the resonance frequency of the qubit
(resonator), g is the qubit-resonator coupling, and « (y) is
the decay rate of the resonator (qubit) into waveguide 1 (2).
For simplicity, y is assumed to include the nonradiative
decay of the qubit. We consider the case in which the qubit
and the resonator are highly detuned (|w, — w,| > ¢) and
are coupled dispersively. The drive field is monochromatic
E(t) = Ee~®d" and is close to the resonance of the qubit.

By switching to the frame rotating at the drive frequency
w,, the Hamiltonian becomes static. Then, FH s =
(w, — wg)oto + (0, — wpata + glota + alo) +
JYEet + E*0)]. H damp Temains unchanged, except
that the photon frequency is measured from w,. We denote
the eigenstates of JH sys DY |7) and their energies by @ j
(j=1,2,...) from the lowest. Using the qubit-resonator
eigenstates, the Hamiltonian is rewritten as

waveguide 1 resonator qubit <
. o S
probe input ‘1> g c<D
o Q
c
m =.
probe output ‘0 = %
S w. A LN/ o

K g Y

FIG. 2 (color online). Schematic of the considered setup. A
qubit is coupled dispersively to a resonator, which is further
coupled to a semi-infinite waveguide (waveguide 1). The qubit is
driven by a microwave field propagating along another wave-
guide (waveguide 2).

j—[ = g-[sys + g-[damp’ (4)
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where &;; = |1)(j] and &;; (¥,;) is the radiative decay rate
into waveguide 1 (2) for the |i) — |}) transition. &;; and ¥;;
are, respectively, given by

;= kl(ilat| DI (7)

5’ij = 7’|<17|0'Jr |j>|2- 3)

For g = E = 0, the eigenstates of FH sys are simply the
product Fock states of the qubit and the resonator |m, n) =
|m),|n), (m =0,1and n =0, 1, ...). The qubit-resonator
coupling g mixes these states only slightly due to the large
detuning and brings about dispersive level shifts. Within the
second-order perturbation, the eigenenergies are given by

o = nlw, — vz + x), 9)

Oy = 0y~ 04— X T (o, —o; = ), (10)

where y = ¢?/(w, — w,). In this study, we investigate the
case in which a weak probe field is input from waveguide 1.
Therefore, only the four lowest levels (|0, 0, |1, 0), |0, 1),
and |1, 1)) are relevant. Their energy diagrams are shown in
Fig. 3 for E = 0. Because of the dispersive level shifts, with
the proper choice of the drive frequency w, (v, —3x <
w; < w, = X), the level structure becomes nested, i.e.,
w0y < W10y < @1y < @)y [Fig. 3(a)]. When w, is
out of this range, the level structure becomes un-nested
[Fig. 3(b)]. We refer to the former (latter) case as the nesting
(un-nesting) regime hereafter.

Next, we discuss the effects of driving. The drive field
mixes the two lower (higher) levels in Fig. 3 to form
dressed states |1) and |2) (|3) and |4)). Therefore, neglect-
ing the slight mixing originating in the dispersive coupling,
dressed states are roughly written as |1) = cosa|0, 0) —
sina|1, 0), |2) = sina|0, 0) + cosal|l, 0), |3)=cosB|0, 1)—
sinB|1, 1), and |4) = sinB|0, 1) + cosp|1, 1), where a and
B depend on the frequency w, and the power |E|? of the
drive field. From Eq. (7), the radiative decay rates &;; into
waveguide 1 are given by &3, =~ &4, = kcos’(a — ), and
R3p = R4y = ksin*(a — B), and others vanish. For weak
drive, (o, B) = (0, 7/2), and accordingly, ks, = R4 = K
in the nesting regime [Fig. 3(a)], whereas (a, 8) = (0, 0),
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FIG. 3. Structure of the four lowest levels of the qubit-
resonator system for E = 0: (a) Nesting and (b) un-nesting
regimes. The nesting regime is realized when the drive frequency
satisfies w, — 3y < w,; < w, — x. Arrows indicate the direc-
tion of the cavity decay. Oblique decay paths (gray arrows) are
generated by the drive field (E # 0).

and accordingly, K3, = K4 = k in the un-nesting regime
[Fig. 3(b)]. In contrast, for strong drive, where the Rabi
splittings overwhelm the dispersive level shifts, (a, 8) =
(7/4, w/4) and therefore &3 = R4, = k in both nesting
and un-nesting regimes. In Figs. 4(a) and 4(b), &3, K3»,
K41, and R4, are evaluated rigorously from Eq. (7), using
the Rabi frequency QO = /y|E| as a measure of the drive
power. We observe that RK3; =~ K4, and R3, =~ K4 at any
drive power in accordance with the above discussion.
Remarkably, inversion of these decay rates occurs in the
nesting regime [Fig. 4(a)], and the two radiative decay
rates from |3) or |4) become identical with the proper
choice of the drive power (/27 = 19 MHz). At this
drive power, the qubit-resonator system functions as an
impedance-matched A system, with |g) = |1), |m) = |2),
and |e) = |3) or |4).

In this work, we set the drive frequency close to the
lower edge of the nesting regime, ie., w; =~ @, — 3y.
Then, the two upper bare states in Fig. 3 are nearly degen-
erate and are mixed strongly by the drive, whereas the two
lower bare states remain almost unmixed due to the large
detuning about 2y: |g) = [0, 0) (qubit ground state) and
|m) = |0, 1) (qubit excited state). Therefore, the decay rate
I, is of the qubit origin and I,,,, ~ 7y, while I',, and I,,,
are of the cavity origin and I',, = I,,,, = «/2. If the drive
frequency is closer to the center of the nesting regime, i.e.,
wy = w, — 2x, astronger drive is required to generate the
dressed states, since both the lower and upper states have
large detunings about y. When w,/27 = 4.9 GHz, for
example, the impedance-matching condition is satisfied
at Op/27 = 26 MHz.

In the following, we analyze the microwave response of
this qubit-resonator system to a probe field applied through
waveguide 1. From the Hamiltonian of Eq. (4), the
Heisenberg equation for &

ij 18

i o
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FIG. 4 (color online). (a) Dependences of &3;, K3, K41, and
K4, on the drive power. The drive frequency is in the nesting
regime (w,/2m = 4.87 GHz). The drive power is expressed in
terms of the Rabi frequency Qx = ,/y|E|. The curves for &3
and K4, (K3, and K,;) are mostly overlapping. (b) The same plot
as (a) in the un-nesting regime (w,/27 = 4.83 GHz).
(c) Reflection coefficient |r| as a function of the drive power
and the probe frequency in the nesting regime (w,/27 =
4.87 GHz). (d) Same plot as (c) in the un-nesting regime
(wy/27 = 4.83 GHz). In (c) and (d), the probe field is weak
(IF|*> = 10? photons/s) and is in the linear-response regime.
The following parameters are assumed: w,/27 =5 GHz,
w,/27 = 10 GHz, g/27 = 500 MHz, /27 = 20 MHz, and
v/2m = 0.1 MHz.

where S,LL = Zm,n lamn &nm (l"L = K 7)’ §Z:&USLS,M +
Sts,6,,—28h6,S,, and {i =[di, S,] The input and
output field operators b;,(#) and b, (¢) are connected by

bout(t) = bin(t) - lSK(t) (12)

We assume that a monochromatic probe field with ampli-
tude F and frequency w, is applied from waveguide I,
while no probe field is applied from waveguide 2, i.e.,
(biy(t)y = Fe "@=®d" and {c;,(r)) = 0. Note that the
probe frequency w, is measured from the drive frequency
w, since we are working in the rotating frame.

We define the reflection coefficient by the ratio of
output and input amplitudes, i.e., r = (boy(£))/{bi,(1)).
For a weak probe, the system exhibits linear response,
and therefore r is independent of the probe power. In
Figs. 4(c) and 4(d), |r| is plotted as a function of the drive
power and the probe frequency, together with the relevant
transition frequencies between dressed states. We observe
considerable attenuation of |7|, which results from inelastic
scattering. In particular, the reflected field amplitude nearly
vanishes in the nesting regime [Fig. 4(c)] as a result of the
impedance matching. The conditions are that (i) the decay
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rates from |3) (|4)) to |1) and |2) are identical [Q g /27 =
19 MHz in Fig. 4(a)] and that (ii) the probe frequency is
tuned to @s; (@4,). Since level |2) is almost unoccupied for
a weak probe power, no specific signal appears at @3, or
@4. We observe in Fig. 4(d) that impedance matching
never occurs in the un-nesting regime.

Although the probe amplitude vanishes, this does not
imply dissipation of the probe power. Figure 5(a) plots the
power spectrum density of the output field (reflected field
in waveguide 1) S(w) = hwRe [& dre™{@=0d(pl (r+
7)boy(1))/7 under the impedance-matching condition.
The input probe is tuned to @4 (= 27 X 10.066 GHz).
However, upon the interaction with the A system, the
probe field is down-converted nearly completely and
forms a dominant peak at @4, (= 27 X 9.977 GHz). We
define the down-conversion efficiency as the probability
to detect the down-converted photons in waveguide 1,
ie., fﬁ'g do(hw) 'S(w)/|F?|, where w; y = @4y = 27 X
30 MHz. Figure 5(b) plots the down-conversion efficiency.
We observe that, at low probe power, most input photons
are down-converted. The conversion efficiency is slightly
less than unity even in the weak-probe limit, which is due to
the [4) — |3) decay. The conversion efficiency decreases as
the probe power increases. This is due to saturation of the A
system: The bottleneck process in the down-conversion
cycle |1y — |4y — |2) — |1) is the |2) — |1) decay, the
rate of which is approximately y. Therefore, when the input
flux exceeds y ! (|F|> = 10° photons/s), |2) is more popu-
lated than |1). Then, the probe field tuned at @4, tends to be
reflected without interacting with the A system. The con-
ditions to approach the unit conversion efficiency are that
(i) the |4) — |2) decay dominates the |4) — |3) decay,
which requires « > v, and (ii) the input field does not
saturate the A system, which requires y = |F 2.
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FIG. 5 (color online). (a) Power spectrum density of the output
field (reflected field in waveguide 1) under the impedance-
matching condition (w,/27 =4.87 GHz and Qg/27 =
19 MHz). The input probe frequency is tuned to @y
(27 X 10.066 GHz), whereas the dominant peak appears at @4,
(27 X 9.977 GHz). The probe power |F|? is 103 (solid line), 10°
(dotted line) and 107 (dashed line) photons/s, respectively.
(b) Down-conversion efficiency as a function of the probe power.

Four final comments are in order. (i) For impedance
matching, achieving the nested energy diagram [Fig. 3(a)]
is essential, and therefore a large dispersive shift y is
advantageous [20]. In this regard, the systems in the
so-called straddling regime are promising, in which
the dispersive shift is enhanced by the presence of the
second excited state of the qubit [21,22]. Numerical
results are qualitatively unchanged if we extend the model
in this direction. (ii)) When a resonant photon with
pulse length 7 is input from waveguide 1, it induces the
|g) — |e) — |m) transition nearly deterministically, pro-
vided that 7 = «~!. For example, assuming a square pulse
with 7 = 0.33(0.67) ws, this probability amounts to 0.9
(0.95) for k/27 =20 MHz [10]. This deterministic
Raman transition induced by single photons has wide
applications [10-16]. For example, this can be used as a
down-converter of single microwave photons [10]. Down-
conversion of single visible or infrared photons has also
been achieved as the weak-signal limit of the classical
nonlinear optics [23,24]. There, a high-power pump beam
propagates collinearly with the target photon in order to
fulfill the phase-matching condition and to maximize the
conversion efficiency. In contrast, in this work, we
apply a low-power drive field which has little spatial
overlap with the target photon. The large cooperativity of
the qubit-resonator system assures that the target photon
propagates along waveguide 1. (iii) As discussed, |g) and
|m), respectively, correspond to the qubit’s ground and
excited states. Therefore, a single photon excites the
qubit nearly deterministically. Combining this with the
dispersive quantum-nondemolition readout of the qubit
[25,26], we can apply this setup to the detection of single
microwave photons [27-29]. A large dispersive shift is
advantageous also in this regard. The principle of photon
detection in Refs. [27-29] is also the impedance matching.
Therefore, similar detection efficiencies are expected in
both schemes after optimizing the input pulse. The practical
merit of the present scheme is the small energy dissipation
from the system upon detection, which would substantially
reduce the backaction noise and/or the dead time of the
detector. (iv) The present system functions as a SWAP
gate between the photon qubit (encoded in frequency
|@4;) and |@4,)) and the matter qubit (encoded in |g)
and |m)) [12,14,15]. In other words, the A system memo-
rizes the input photon qubit, and the output photon carries
the initial state of the A system. This resembles the atomic
quantum memories used in the light storage experiments
[30-32]. A characteristic of the present phenomenon is
the bidirectional nature of the quantum-state transfer. A
practical problem would be the finite lifetime of the
qubit excited state. However, we can overcome this
problem by improving the qubit’s lifetime [33]. Such swap-
ping between the photon and matter qubits would be a
crucial step for the realization of a scalable quantum
network.
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In summary, we proposed a circuit QED implementation
of an impedance-matched A system. We considered a
setup composed of a driven superconducting qubit, a reso-
nator, and a waveguide. The four lowest eigenstates of the
qubit-resonator system |1), |2), |3), and |4) are relevant in
this study. With the proper choice of the drive frequency
and power, two radiative decay rates from |§> or |Zl>
become identical; the system then functions as an
impedance-matched A system, where |g) = |1), |m) =
|2), and |e) = |3) or |4). When a probe field tuned to the
|g) — |le) transition is applied from the waveguide, the
probe field loses its coherent amplitude and is down-
converted nearly completely. The present setup is appli-
cable to the detection of single microwave photons and the
swapping of the photon and matter qubits.
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