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We have investigated the microwave response of a transmon qubit coupled directly to a transmission

line. In a transmon qubit, owing to its weak anharmonicity, a single driving field may generate dressed

states involving more than two bare states. We confirmed the formation of three-state dressed states by

observing all of the six associated Rabi sidebands, which appear as either amplification or attenuation of

the probe field. The experimental results are reproduced with good precision by a theoretical model

incorporating the radiative coupling between the qubit and the microwave.
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The optical response of two-level systems is a central
research subject in the field of atomic, molecular, and
optical physics. When two-level systems are driven by a
resonant field, the ground and excited states are mixed to
form dressed states. For each unique transition between
dressed states, two Rabi sidebands appear symmetrically
about the transition frequency in the fluorescence power
spectrum [1,2]. Driving transitions also populates the
excited state. However, even in the strong-driving limit, a
continuous field cannot induce population inversion, and
therefore, effects which rely on inversion, such as lasing,
are generally thought to be forbidden in two-level systems.
However, when an additional field, e.g., a probe field, is
also applied to such a driven atom, the field is amplified
when tuned to one of the Rabi sidebands, whereas it is
attenuated when tuned to the other sideband. In other
words, amplification (lasing) can take place without
explicit population inversion in the bare-state basis [3–7],
provided there is a mechanism for population inversion in
the dressed-state basis.

Many experiments analogous to those in optics are now
being performed within the context of circuit quantum
electrodynamics, in which the optical fields and atoms of
conventional quantum electrodynamics are replaced with
microwave fields and superconducting qubits, respectively
[8,9]. An advantage of using superconducting qubits is their
large transition dipole moments, which enable strong cou-
pling to the microwave field [10]. Exploiting this strong
coupling, lasing experiments become possible by using a
single quantum emitter. Maser operation has been demon-
strated by a single driven qubit-cavity system [11,12] and a
driven qubit coupled directly to a transmission line [13],
where population inversion takes place in the bare-state
basis. Amplification due to dressed-state inversion has been
reported recently in a qubit-cavity system [14], and lasing
without inversion independent of basis has also been

proposed theoretically [15]. Furthermore, the Autler-
Townes effect and the electromagnetically induced transpar-
ency have been investigated by driving a higher transition of
the qubit [16–21], and the quantum interference induced by
longitudinal driving has been confirmed [22–24].
Superconducting qubits are multilevel quantum systems

having designed energy-level spacings. In transmon qubits,
the eigenstates of interest are formed at the bottom of a
cosine potential originating from the Josephson energy,
which is much larger than the single-electron charging
energy. Because of the potential’s weak anharmonicity,
the level spacings are nearly degenerate, although unique
[25]. In previous works using transmon qubits, the lowest
transition was used as a two-level system and its strong
sensitivity to single microwave photons was confirmed
[26,27]. In this Letter, we demonstrate a phenomenon in
which the weak anharmonicity of a transmon qubit is
essential. Owing to the close transition frequencies and
the large transition dipole moments, a single drive wave
can excite not only the lowest transition (j0i $ j1i) but
also higher ones (j1i $ j2i, etc.) simultaneously. As a
result, the dressed states may involve more than two bare
states. Here we report the observation of three-state dressed
states and the six resulting Rabi sidebands, which are
manifest in our experiment as the amplification or attenu-
ation of a probe field resonant with those sidebands. These
experimental results are reproduced by a simple theoretical
model accounting for the radiative coupling between the
qubit and the transmission line. The realization of coherent
quantum dynamics in a dressed-state basis induced by
microwave photons is an important step towards construct-
ing scalable quantum networks [28,29].
In our setup, a superconducting transmon qubit is

coupled directly to a one-dimensional microwave-photon
field propagating in a transmission line [Fig. 1(a)]. The
circuits were made using a Josephson-junction fabrication
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process based on NbN/AlN/NbN trilayers described in
Ref. [30]. A single-island transmon is used in the present
work [25]. The island electrode is capacitively coupled to
the center line of a 50-� coplanar waveguide and is con-
nected to the ground via two parallel Josephson junctions.
The junctions have different Josephson energies EJ1 and
EJ2. We apply an external magnetic flux of �0=2 (�0 ¼
h=2e) through the loop formed by the two junctions, so that
the effective Josephson energy becomes Eeff

J ¼ jEJ1 � EJ2j
and the qubit is insensitive to magnetic flux noise to first
order. From the transition energies obtained in the mea-
surements below, the effective Josephson energy and
charging energy of the transmon are estimated to be Eeff

J ¼
19:05 GHz and EC ¼ 0:4206 GHz [25]. When necessary,
the qubit frequency can be detuned by changing the mag-
netic flux bias.

Theoretically, our system is described as follows. We
consider the lowest three states of the qubit and denote
them by jji (j ¼ 0, 1, 2), where !0 <!1 <!2. The qubit
is driven by a continuous field with amplitude E and
frequency !d. Setting @ ¼ v ¼ 1, where v is the micro-
wave velocity in the transmission line, and working in a
frame rotating at the drive frequency !d, the Hamiltonian
of the system is

H ¼ H q þH f þH q�f; (1)

H q ¼ ð!10 �!dÞ�11 þ ð!20 � 2!dÞ�22

þ Eð�t þ �y
t Þ; (2)

H f ¼
Z

dkðkayk ak þ kbyk bkÞ; (3)

H q�f ¼ 1ffiffiffiffiffiffiffi
2�

p
Z

dk½�y
t ðak þ bkÞ þ H:c:�; (4)

where �ij ¼ jiihjj, �t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�10=2

p
�01 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�21=2

p
�12 is the

transition dipole operator of the qubit, and ak (bk) is the
photon annihilation operator propagating rightward (left-
ward) with wave number k. The transition frequency
between jii and jji is !ij ¼ !i �!j, and �ij is the radia-

tive decay rate from jii to jji. Note that �20 ¼ 0 results
from a parity selection rule. By fitting the experimental
results below, these parameters are estimated as follows
[31]: !10=2� ¼ 7:558 GHz, !21=2� ¼ 7:070 GHz, and
�10=2� ¼ 40 MHz. Based on the transition matrix ele-
ments for transmon [25], we also assume �21 ¼ 2�10.
Because of the weak anharmonicity of transmon qubits,

!10 is close to !21. Consequently, the three bare states are
also energetically close in the rotating frame. We denote
the dressed states, i.e., the (quasi)eigenstates of H q, by

j�i (� ¼ g, m, e), where !g < !m <!e. Hereafter, we

focus on the case of !d ¼ !20=2, where j0i and j2i are
degenerate in the rotating frame [Fig. 2(a)]. The Rabi
frequencies for the j0i $ j1i and j1i $ j2i transitions are
respectively defined by �R;10 ¼ ffiffiffiffiffiffiffi

�10
p

E and �R;21 ¼ffiffiffiffiffiffiffi
�21

p
E, and we use �R;10 as a measure of the drive power.

Figure 2(b) plots the overlap between the bare and dressed
states as a function of �R;10. We observe that jmi is
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FIG. 2 (color online). (a) Level structure in the rotating frame of the bare states (left) and the dressed states (right). The drive
frequency is set to !d ¼ !20=2. (b) Overlap between the bare and dressed states as a function of the Rabi frequency. (c) Stationary
density matrix elements in the dressed-state basis: diagonal elements (left) and off-diagonal elements (right).
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FIG. 1 (color online). (a) Optical micrograph of a transmon qubit coupled to a microwave transmission line and (b) its schematic.
(c) Theoretical model. A ladder-type three-level system is coupled directly to the transmission line. The arrows a (b) denote the
microwave fields propagating rightward (leftward).
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composed only of two bare states and is insensitive to

the drive power (jmi ¼ sin�j0i � cos�j2i, where � ¼
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�21=�10

p
). This is specific to the case of !d ¼

!20=2, where j0i and j2i are degenerate. In general, the
dressed states involve the three bare states when subjected
to a strong driving field, where the Rabi frequencies over-
whelm the bare-state energy differences in the rotating
frame. Generation of three-state dressed states requires
two fields in general [19]. Here, three-state dressed states
can be realized by a single driving field due to the weak
anharmonicity.

From Eq. (1), the Heisenberg equation for the qubit is
given by

d

dt
��� ¼ i!����� � ��� � i���fainðtÞ þ binðtÞg

þ ifayinðtÞ þ byinðtÞg�y��; (5)

where ��� ¼ ����
y
t �t þ �y

t �t��� � 2�y
t ����t, ��� ¼

½���;�
y
t �, and ain and bin are the input field operators.

When no probe field is applied, haini ¼ hbini ¼ 0. The
stationary density matrix elements h���is of the driven

qubit are determined by

i!��h���is �
X
�0;�0

���;�0�0 h��0�0 is ¼ 0; (6)

where ���;�0�0 ¼ h�0j���j�0i. These simultaneous equa-

tions, together with the sum rule
P

�h���is ¼ 1, deter-

mine h���is. Figure 2(c) plots the density matrix elements

as functions of the Rabi frequency. When the driving field
is weak, the qubit is in the bare ground state j0i, which is a
superposition of jgi and jmi. The qubit is in a pure state in
this regime. As the drive power increases, the qubit
becomes entangled with the incoherently scattered pho-
tons, and its density matrix becomes progressively more

mixed. As a result, under strong driving, the off-diagonal
elements become negligibly small in comparison with the
diagonal ones. In the strong driving limit E ! 1, the qubit
approaches a maximally mixed state, where the three
diagonal elements each take the value 1=3, whereas the
off-diagonal elements vanish.
In order to observe the optical properties of such three-

state dressed states, in addition to the drive microwave, we
applied a weak continuous probe field (amplitude F and
frequency !p=2�) from one side of the waveguide and

measured the transmission coefficient t. Experimentally, t
is normalized by the transmission coefficient obtained at
the same frequency when the qubit is far detuned from the
probe frequency. The probe power at the qubit is fixed at
�133 dBm, which is in the linear regime, F2 � �10. In
Fig. 3(a), jtj is plotted as a function of the drive power and
the probe frequency. The drive power P is related to the
field amplitude by P ¼ @!dE

2. In theory, application of a

probe field from one side is realized by putting haini ¼
Feið!d�!pÞt and hbini ¼ 0. We investigated the linear
response of the qubit since the probe is relatively weak.
We divide h���ðtÞi into the stationary and linear-response

components, as h���is þ h���iLeið!d�!pÞt. From Eqs. (5)

and (6), the simultaneous equations used to determine
h���iL are given by

ið!�� þ!p �!dÞh���iL �
X
�0;�0

���;�0�0 h��0�0 iL

¼ iF� X
�0;�0

���;�0�0 h��0�0 is; (7)

where ���;�0�0 ¼ h�0j���j�0i. The input and output field

operators are connected by aoutðtÞ ¼ ainðtÞ � i�tðtÞ.
Therefore, the amplitude of the transmitted wave is
given by

FIG. 3 (color online). (a) Experimental and (b) theoretical plots of transmission jtj as a function of the drive power and the probe
frequency. The drive frequency !d=2� is set at 7.314 GHz [ ¼ ð!20=2Þ=2�]. In the white region at !p=2� ¼ 7:558 GHz, jtj is less
than 0.5 due to strong reflection. In (b), the drive power is expressed in�R;10. The transition frequencies between the dressed states are

superposed, and they form six Rabi sidebands which appear symmetrically with respect to the drive frequency, !d=2� ¼ 7:314 GHz.
(c) Level structure of the dressed states. The jm;Ni $ je; N þ 1i transition is indicated as an example. Population of the dressed states
[strong drive region of Fig. 2(c)] is represented by the size of the circles.
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haoutðtÞi ¼
�
F� i

X
�;�

�t;��h���iL
�
eið!d�!pÞt; (8)

where �t;�� ¼ h�j�tj�i. The transmission coefficient is

defined as t ¼ haouti=haini, and Fig. 3(b) plots jtj thus
calculated. Discrepancy between the experiment and the-
ory is found at !p=2� & 6:8 GHz. This is due to the third

bare state j3i, the transition energy of which is supposed to
lie around here. Except for this point, we confirm good
agreement between the experiment and theory despite the
simple model neglecting dephasing and nonradiative decay
of the qubit. This indicates the realization of coherent and
almost perfect radiative coupling between the qubit and
microwave fields in our setup.

In the weak-drive region (�R;10 & j!10 �!20=2j), the
bare-state picture is valid. Since the probe field is weak, we
may regard the qubit as a two-level system having two
states, j0i and j1i. The qubit then reflects with high effi-
ciency the probewaves at!10=2� ¼ 7:558 GHz due to the
one dimensionality of the field [32]. In contrast, in the
strong-driving regime (�R;10 * j!10 �!20=2j), the Rabi

splittings become observable and transitions occur
between the dressed states. In the dressed-state picture,
as illustrated in Fig. 3(c), optical transitions occur between
j�;Ni (lower levels) and j�; N þ 1i (upper levels), where
�, � ¼ g, m, e and N denotes the drive photon number.
Therefore, the three-state dressed states yield six Rabi
sidebands at !d þ!� �!� (� � �). Remarkably, we

observed all of the six sidebands in our experiment through
amplification or attenuation of the probe field [Fig. 3(a)]. In
theory, when the probe is tuned to the j�;Ni $ j�;N þ 1i
transition ð� � �Þ, at a frequency !p ¼ !d þ!� �!�,

the transmission coefficient t is reduced to the follow-
ing form:

t ¼ 1þ jh�j�tj�ij2
���;��

ðh���is � h���isÞ; (9)

where ���;�� is a positive quantity of the order of radiative

decay rates. Therefore, the probe field is amplified (atte-
nuated) when the population is inverted (not inverted) in
the dressed-state basis. We can check in Fig. 2(c) that
h�eei> h�mmi> h�ggi under a strong driving, and this is

represented in Fig. 3(c) by the size of the circles. For the
jm;Ni $ je; N þ 1i transition for example, the upper level
is more populated than the lower level. Namely, the popu-
lation is inverted and therefore the probe field is amplified
in this case. In contrast, for its counterpart transition of
je; Ni $ jm;N þ 1i, the population is not inverted and the
probe field is attenuated. As a result, in Figs. 3(a) and 3(b),
amplification and attenuation appear symmetrically with
respect to the drive frequency !d=2� ¼ 7:314 GHz. In
principle, transitions between the same dressed states,
j�;Ni $ j�;N þ 1i, may also take place, since the tran-
sition dipole does not necessarily vanish. However, in this
case [see Fig. 3(c)], the upper and lower levels are equally

populated and the qubit correspondingly becomes trans-
parent. We observe in Figs. 3(a) and 3(b) that jtj ¼ 1 at
!p ¼ !d under strong driving conditions. In the

Supplemental Material, we present the results for another
drive frequency (!d ¼ !10) to further support the validity
of the above arguments [31].
To summarize, we have investigated the microwave

response of a driven transmon qubit coupled directly to a
transmission line. Owing to the weak anharmonicity of a
transmon qubit, we generate dressed states using a single
driving field that comprise three bare states. We confirmed
formation of these three-state dressed states by observing
the amplification and attenuation of the probe field at six
Rabi sidebands. The experimental results are reproduced
with good precision by a theoretical model considering
only the radiative coupling between the qubit and the
transmission line. This indicates realization of a clean
and lossless one-dimensional quantum optical system
that is suitable for constructing scalable quantum
networks.
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[12] S. André, P.-Q. Jin, V. Brosco, J. H. Cole, A. Romito, A.
Shnirman, and G. Schön, Phys. Rev. A 82, 053802 (2010).

[13] O. V. Astafiev, Y. A. Pashkin, Y. Nakamura, J. S. Tsai,
A. A. Abdumalikov, and A.M. Zagoskin, Phys. Rev.
Lett. 104, 183603 (2010).

PRL 110, 263601 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
28 JUNE 2013

263601-4

http://dx.doi.org/10.1103/PhysRev.188.1969
http://dx.doi.org/10.1103/PhysRevA.15.227
http://dx.doi.org/10.1103/PhysRevA.15.227
http://dx.doi.org/10.1103/PhysRevA.5.2217
http://dx.doi.org/10.1103/PhysRevA.6.1280
http://dx.doi.org/10.1103/PhysRevLett.38.1077
http://dx.doi.org/10.1103/PhysRevLett.38.1077
http://dx.doi.org/10.1088/1464-4266/2/3/201
http://dx.doi.org/10.1103/PhysRevA.69.062320
http://dx.doi.org/10.1038/nature02851
http://dx.doi.org/10.1002/andp.200710261
http://dx.doi.org/10.1002/andp.200710261
http://dx.doi.org/10.1038/nature06141
http://dx.doi.org/10.1038/nature06141
http://dx.doi.org/10.1103/PhysRevA.82.053802
http://dx.doi.org/10.1103/PhysRevLett.104.183603
http://dx.doi.org/10.1103/PhysRevLett.104.183603


[14] G. Oelsner, P. Macha, O.V. Astafiev, E. Il’ichev, M.
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I. ESTIMATION OF γ10

Here we investigate the power dependence of the transmission coefficient and estimate the qubit parameters. For simplicity,
we investigate transmission of the drive wave alone, without applying the probe wave. We assume that the drive is tuned to the
lowest transition of the qubit (ωd ≃ ω10). Then, in the weak-power limit, we can treat the transmon qubit as a two-level system.
Furthermore, for better fitting of the experimental data, we include nonradiative decay and pure dephasing of the qubit here. We
add the following terms to the Hamiltonian [Eq. (1) of the main text]:

Hn +Hq−n =

∫
dk

[
kc†kck +

√
γ′
10/2π (σ10ck + c†kσ01)

]
, (A1)

Hp +Hq−p =

∫
dk

[
kd†kdk +

√
γp/π σ11(dk + d†k)

]
, (A2)

where the environmental degrees of freedom are modeled by boson fields (ck anddk) andγ′
10 andγp respectively denote the

rates for nonradiative decay and pure dephasing. The equations of motion for⟨σ01⟩ and⟨σ11⟩ are given by

d

dt
⟨σ01⟩ = −(Γ2 − iδω)⟨σ01⟩ − i

ΩR

2
(1− 2⟨σ11⟩), (A3)

d

dt
⟨σ11⟩ = −Γtot

1 ⟨σ11⟩+ i
ΩR

2
(⟨σ01⟩ − ⟨σ01⟩∗), (A4)

whereΓ1 = γ10, Γtot
1 = γ10 + γ′

10, Γ2 = Γtot
1 /2 + γp, andδω = ωd − ω10. The Rabi frequencyΩR,10 is denoted here by

ΩR. Note that the expectation values of the input field operators (⟨ain⟩, etc.) disappear since no probe wave is applied here. The
transmission coefficient is given byt = 1 − i

√
γ10⟨σ01⟩s/E, where⟨σ01⟩s is the stationary solution of⟨σ01⟩. Therefore, we

have

t = 1− Γ1

2Γ2

1 + iδω/Γ2

1 + (δω/Γ2)2 +Ω2
R/Γ

tot
1 Γ2

. (A5)

In Fig. A1, the amplitude and the phase of the measured transmission coefficient are plotted as functions of the detuning
for eight different drive powers. Furthermore, the transmittance as a function of the drive power and frequency is plotted.
We observe that the transmission wave vanishes nearly completely for a resonant and weak drive. This is due to destructive
interference between the input wave and radiation from the qubit [1], and indicates excellent one-dimensionality of this setup.
As the drive power increases, transmission increases due to saturation of the qubit. By fitting these experimental data by Eq. (A5),
we estimate thatγ10/2π = 40 MHz, γ′

10/2π = 0.5 MHz, andγp/2π = 1 MHz. We also calibrated the drive power delivered to
the qubit against the Rabi frequencyΩR by the fitting of Fig. A1(d).

II. RESULTS FOR ωd = ω10

In the main text, the drive frequency is fixed atωd = ω20/2. Here we present the results forωd = ω10 in Fig. A2 for reference.
This figure shows (a) experimental and (b) theoretical plots of|t|, (c) population and (d) energy diagram of the dressed states,
and (e) cross section of (a) and (b) under a fixed drive power. We observe that the experimental results are reproduced well by
the theory.

In the weak-drive regime, optical transitions occur between the bare states,|0⟩ and|1⟩. We observe strong attenuation of the
probe wave atωp = ω10, which is due to the nearly perfect reflection of the input wave. This signal is observable regardless
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FIG. A1: Characterization of resonance fluorescence of the transmon. (a) Amplitude and (b) phase of the transmission coefficientt as functions
of the drive frequency. The drive power is−108 dBm for the top curve and decreasing with 5-dB step from top to bottom (blue: experiment,
red: theory). There are eight curves plotted, while the two lowest curves are mostly overlapping. (c) Intensity plot of the transmittance
as a function of the drive power and frequency. (d) Transmittance at the resonant frequency as a function of the drive power. Circles are
experimental data points and the line is the fit.

of the drive frequency [see Fig. 3(a)]. In contrast, in the strong-drive regime, transitions between the dressed states become
observable. Whenωd = ω10, the drive wave mixes|0⟩ and|1⟩ to constitute the dressed states|m⟩ and|e⟩ whereas|g⟩ ≃ |2⟩.
The qubit population satisfies⟨σee⟩ > ⟨σmm⟩ > ⟨σgg⟩, as shown in Fig. A2(c). As a result, the probe is amplified when tuned
to the|m,N⟩ ↔ |e,N + 1⟩ transition, and is attenuated when tuned to the|e,N⟩ ↔ |m,N + 1⟩, |m,N⟩ ↔ |g,N + 1⟩ and
|e,N⟩ ↔ |g,N + 1⟩ transitions.

[1] O. Astafiev, A. M. Zagoskin, A. A. Abdumalikov Jr., Yu. A. Pashkin, T. Yamamoto, K. Inomata, Y. Nakamura, and J. S. Tsai, Science327,
840 (2010).
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FIG. A2: Spectroscopy of the dressed states for the resonant drive atωd = ω10. (a) Experimental and (b) theoretical plots of|t|. The transition
frequencies between the dressed states are superposed. (c) Population of the dressed states as functions of the drive power. (d) Level structure
of the dressed states. Circles represent the population of the dressed states [strong drive region of (c)]. (e) Cross section of (a) and (b) under a
fixed drive power (−110 dBm, whereΩR,10/2π = 0.113 GHz). Dots (line) represent the experimental (theoretical) results.


